We construct examples of non-congruent, non-degenerate simple planar closed curves with identical Euclidean signatures, thus disproving a claim made in Hickman (J. Math Imaging Vis. 43:206-213, 2012) that all such curves must be congruent. Our examples include closed C ∞ curves of the same length and the same symmetry group. We show a general mechanism for constructing such examples by exploiting the self-intersection points of the signature. We state an updated congruence criterion for simple closed non-degenerate curves and confirm that for curves with simple signatures the claim made by Hickman holds.
Introduction
Determining whether or not two planar curves are congruent under some group action is an important problem in geometry and has applications to computer vision and image processing. To address this problem, the signature curve parameterized by differential invariants was introduced by Calabi, Olver, Shakiban, Tannenbaum, and Haker [4] and has been used in various applied problems including medical imaging and automated puzzle assembly [2, 3] , [1] , [10] , [6] .
In this paper, we focus on immersed closed planar curves under actions of the special Euclidean group SE(2) consisting of rotations and translations. If a curve Γ is parameterized by a periodic map γ : R → R 2 which is at least C 3 -smooth, then its signature is the set of points S Γ = {(κ(t),κ(t)) ∈ R 2 | t ∈ R}, where κ is the Euclidean curvature andκ is its derivative with respect to the arc-length, explicitly given by (1) and (3) respectively. In [4] it was stated that two curves are congruent if and only if their signatures are identical without explicitly mentioning the necessary regularity conditions. In the case of the special Euclidean group, these regularity conditions require that a curve has no vertices, i.e. no points whereκ is zero. Since every closed curve has at least two vertices and a simple closed curve has at least four vertices [5] , [7] , the signature congruence criterion does not directly apply to closed curves. In [9] , the authors propose the following augmented procedure for deciding congruence of two closed curves: split the curves into arcs with no vertices and then decide using the signatures if each arc of the first curve can be paired with a congruent arc of the second curve. If yes, determine if pairwise arc congruence can be achieved by a common group element. In the case when a curve has segments of constant curvature an additional step is needed to determine if these constant curvature pieces can be matched by the same group element. In [10] , the authors successfully used this multi-step procedure for solving an automated jigsaw puzzle assembly problem. This procedure, however, does not address the question as to what extent signatures of closed curves characterize equivalence classes and the symmetry groups of the curves.
In [13] , Musso and Nicolodi, constructed one-parameter families of non-congruent curves with identical signature by inserting segments of constant curvature (degenerate vertices) into an original curve. By design, all non-congruent families of curves with identical signature appearing in [13] contain curves with non-isolated vertices, called degenerate vertices. Such curves are called degenerate. It was subsequently claimed by Hickman in Theorem 2 of [8] that the Euclidean signature can be used to distinguish non-congruent smooth curves under the condition that they do not possess degenerate vertices (non-degenerate curves). In Section 4 of this paper, we disprove this claim by constructing examples of non-degenerate, non-congruent smooth curves of the same length, with identical Euclidean signatures and identical index of the signature map. We show that such non-congruent curves may or may not have the same symmetry group. In Section 5, we give a general mechanism for constructing such examples.
The paper structured as follows. In Section 2, we set up notations and conventions used in this paper, give the main definitions, in particular, a definition of the Euclidean signature, and review important known results. In Section 3, we formulate and prove congruence criteria for non-degenerate closed simple curves. In particular we show that non-degenerate closed simple curves with identical simple signatures are congruent. In Section 4 we construct four non-congruent, non-degenerate, closed, simple, C ∞ smooth curves of equal lengths, identical signatures, and the same signature index. Two of the curves have the the same symmetry groups, Z 6 , while the other two symmetry groups Z 3 and Z 2 , respectively. These curves provide a first counterexample to Theorem 2 in [8] and help to identify a gap in the argument presented in [8] (See Remark 15). In Section 5, we provide a general mechanism for constructing examples of non-degenerate non-congruent curves with identical signatures. For this purpose we introduce a notion of the directed graph associated with a signature curve. We show how non-congruent closed curves with the same signature can be obtained by choosing distinct admissible paths along such graph. In Section 6 we revisit some of the examples appearing in [13] . However, in contrast with [13] , by considering various admissible paths along the graphs introduced in the previous section, we construct families consisting of non-degenerate curves with identical signatures. In particular, in Section 6.1 we start with a C ∞ -smooth non-degenerate curve introduced in Example 1 of Sect. 3.3 of [13] and construct four non-degenerate curves that are only C 3 -smooth, but have the same length, symmetry group, and signature as the original curve. In Section 6.2, we revisit cogwheels introduced in Section 5 of [13] and construct a family of noncongruent non-degenerate cogwheels with identical signatures. A Maple code that can be used to generate a variety of such examples can be found at http://egeig.com/research/ncndcis.
Euclidean signatures of planar curves
In this section, we set up notations and conventions used in this paper, give the main definitions, in particular, a definition of the Euclidean signature, and review important known results.
Throughout the paper, Γ ⊂ R 2 is an immersed at least C 3 -smooth planar curve, i.e. Γ is the image of a map γ : R → R 2 , such that |γ (t)| = 0 for all t and the derivatives of the components x(t) and y(t) up to order 3 exist and are continuous. We will mostly focus on simple closed curves, although some examples of non-closed or non-simple curves will appear. We will call Γ simple, if it is locally Euclidean, that is for any point p ∈ Γ there exists an open subset of R 2 containing p whose intersection with Γ is homeomorphic to R. We will call Γ closed if its parameterization γ is periodic. In this case we will always assume that the parameterization γ is proper in a sense that if L is the minimum period of γ, then the restriction of γ to the interval [0, L) is injective. Of course, a parameterization of Γ by its arc-length is proper and for such parameterizations L is the length of Γ, but we will also work with other proper parameterizations. We assume that Γ has an orientation prescribed by the parameterization and we will consider only orientation preserving reparameterizations.
By SE(2) we denote the special Euclidean group acting on R 2 by compositions of rotations and translations. For g ∈ SE(2) and a curve Γ ⊂ R 2 , we define a curve gΓ = {gp | p ∈ Γ} with the induced orientation: if γ is a parameterization of Γ, then g • γ is a parameterization of gΓ. In the context of this paper, we give the following definition of congruence: Definition 1. Oriented planar curves Γ 1 and Γ 2 are called congruent (Γ 1 ∼ = Γ 2 ) if there exists g ∈ SE (2) , such that Γ 2 = gΓ 1 , where equality here means equality of the sets and orientation.
Definition 2. The symmetry group of Γ is the subgroup of SE(2) whose elements map Γ to itself. The cardinality of the symmetry group is called the symmetry index of Γ and is denoted by sym-index(Γ).
Note that if Γ is a closed curve then its symmetry group is a subgroup of the rotation group SO (2) . (See the proof of Lemma 4 in [13] for the explicit formula for the center of rotations.)
The classical (signed) Euclidean curvature of Γ for a curve with a parameterization γ(t) = (x(t), y(t)) at a point p = γ(t) is
while the arc-length one-form is given by
By˙we will denote the derivative with respect to the arc-length d ds = 1 √ x 2 +y 2 d dt and in particular we haveκ
where for better readability we omitted parameter t on the right. It can be easily verified that the value of κ(p), andκ(p) does not depend on the parameterization and so each of these functions can be thought as a function from Γ to R. If Γ is parameterized by the arc-length parameter s = s 0 |γ (t)|dt then |γ (s)| = 1 (unit speed curve), andκ(s) = κ (s). The following classical result is fundamental to the study of planar curves in Euclidean Geometry (see, for instance, Theorem 2-10 in [7] ). In addition we collect the following known facts, [11] , [13] , that we will use in the paper: To construct many of our examples, we exploit the following two known lemmas. Proof. To find γ(s), explicitly, we note that the vector-function
is the unique solution of the Frenet-Serret equation:
with initial conditions T (0) = [1, 0] T . The curve
is the unique solution to γ (s) = T (s) with initial condition γ(0) = (0, 0). Since |T (s)| = 1, then s is the arc-length parameter and by construction κ(s) is the curvature of Γ at the point γ(s).
The above lemma is well known and is discussed at the beginning of Section 2 of [13] . We included full proof because we use (6) and its numerical approximation for constructing explicit examples. The proof of the following lemma appears in [13] and is very useful to identify closed curves. Lemma 6. (Musso and Nicolodi [13] , Lemma 4) Let κ : R → R be a periodic function of class
where m > 1 and ξ are two relatively prime integers. Then, the corresponding unit-speed curve γ, given by (6) , is closed of length L = m with symmetry index m and turning number ξ.
Note that if m = 1 and γ is closed, then L = . However it is possible for γ to be open when m = 1 (see examples in Section 4).
From Proposition 3 and Lemma 6 we have the following immediate but useful corollary.
Corollary 7. Let Γ be a closed curve with a unit speed parameterization γ : R → R and let κ : R → R be the corresponding curvature function. Let L and be the minimal periods of γ and κ, respectively. Then divides L, and m = L is the symmetry index of Γ.
As in [4] , we define the Euclidean signature (SE(2)-signature) 1 of Γ to be the planar curve parameterized by (κ(t),κ(t)). In fact, we find it useful to define several related notions: Definition 8. The signature map of Γ is the map σ Γ : Γ → R 2 , defined by σ Γ (p) = (κ(p),κ(p)). The signature of Γ is the image of this map: S Γ = Imσ Γ . For a given parameterization γ : R → Γ we will also consider a parameterized signature map
Unless Γ is a circle or straight line, (these are the only cases when κ is a constant function), the signature of Γ does not degenerate to a point and the symmetry index of Γ is finite. Since for an arc-length parameterization of Γ,κ(s) = κ (s) any signature curve is a phase portrait -a curve that can be parameterized by a function and its derivative. A phase portrait can only be traveled to the right when it is above the horizontal axis and to the left if its below. Therefore, a signature of a closed curve is a parameterized closed curve with a clockwise orientation. As we see in many examples below, the signature of a simple curve does not have to be simple, and different points on the signature may have unequal number of pre-images under the signature map. 
It is known that κ andκ are invariant with respect to actions of SE(2). Namely ifΓ = g · Γ for some g ∈ SE(2) then for any p ∈ Γ, we have
It immediately follows that the signatures of congruent curves are identical. As it is shown by many examples in [13] and [8] the converse is not always true: non-congruent closed simple curves may have identical signatures, and examples show that they can have the same length, symmetry index, and signature index as well. So it is natural to ask under what conditions, or with what additional information, signatures can be used to distinguish non-congruent curves. The notion of a vertex is important in addressing this question.
Definition 11. A point p ∈ Γ is called a vertex ifκ(p) = 0. A curve with a finite number of isolated vertices is called non-degenerate.
As discussed in [9] , the signatures of curves that do not have any vertices do distinguish noncongruent curves. In fact the proof stated in [4] is valid in this case. However every closed curve has at least two vertices. Indeed, in this case κ is a continuous function on a compact domain and so must have a least one local maximum and one local minimum. Moreover, it is known that a simple closed curves has at least four vertices (see [5] for a very informative exposition of the four vertex theorem and its converse, as well as Theorem 2-18 in [7] ). Examples in [13] and [8] show that non-congruent closed curves can have identical signatures. Moreover, Theorem 1 proven in [13] states that any closed phase portrait is the signature of a 1-parameter family of non-congruent C 3 smooth closed curves. However, by construction each such family contains at most one non-degenerate curve. Continuing this investigation further, Hickman in Theorem 2 [8] stated that two non-degenerate curves with the same signature must be congruent. As we show in Section 4 this statement is not valid for curves with non-simple signatures. While many simple curves often have non-simple signatures, in particular, most of the signatures appearing in [13] and [8] are not simple. 5 
Congruence criteria for non-degenerate curves
In this section we formulate several congruence criteria for non-degenerate curves. Our proofs are inspired by arguments given in [8] . We start with the following local congruence criteria.
Proposition 12 (Local Congruence). Let Γ 1 and Γ 2 be two curves parameterized by γ 1 : R → R 2 and γ 2 : R → R 2 respectively. Assume there exist open intervals I 1 ⊂ R and I 2 ⊂ R, such that the restrictions of the parameterized signature maps σ 1 = σ γ1 | I1 and σ 2 = σ γ2 | I2 are injective and have the same imageŜ homeomorphic to R. Then the pieces of curvesΓ 1 = γ 1 (I 1 ) and
Proof. Without loss of generality we can assume that γ 1 and γ 2 are arc-length parameterizations. Since a bijective continuous map from an open interval to R is a homeomorphism, it follows that the composition ρ = σ −1 1 • σ 2 : I 2 → I 1 is a homeomorphism. Then, restricted to I 2 , we have κ 2 (s) = κ 1 (ρ(s)) and κ 2 (s) = κ 1 (ρ(s)).
We will first show that ρ :
is defined on a sufficiently small interval containing 0. Since ρ is continuous, lim h→0 α(h) = 0, but since ρ is injective, α(h) = 0 for h = 0. By our assumption of κ 2 being C 1 -smooth, κ 2 (s 0 ) is defined and using the first equality in (10) and (11) we can write:
Moreover, κ 1 (ρ(s 0 )) = 0, because by our assumption ρ(s 0 ) / ∈ Λ 1 . It then follows that lim h→0 α(h) h exists and from (11) it has to be equal to ρ (s 0 ). Thus ρ is differentiable for all s 0 / ∈ ρ −1 (Λ 1 ). From (10) and the chain rule ρ (s) = 1, for all s / ∈ Λ 2 . Since Λ 2 is a discrete set and ρ is continuous this implies that there exists c ∈ R, such that ρ(s) = s + c. Then the first equality in (10) implies that κ 2 (s) = κ 1 (s+c) and the conclusion of the theorem follows from Proposition 3.
We now show that the congruence criteria statement in [8] is valid for simple closed curves with simple signatures.
Proposition 13 (Curves with simple signature). Assume Γ 1 and Γ 2 are simple closed nondegenerate curves with the same signature S. Assume S is a simple closed curve. Then Γ 1 and Γ 2 are congruent.
Proof. Let γ 1 and γ 2 be unit speed parameterizations of Γ 1 and Γ 2 , respectively and let p 1 = γ 1 (0) ∈ Γ 1 and q 0 = σ γ1 (p 1 ) ∈ S. Then there exists p 2 ∈ Γ 2 , such that σ Γ2 (p 2 ) = q 0 . By, possibly applying a shift in parameterization of Γ 2 we may assume that γ 2 (0) = p 2 . Let κ 1 (s) and κ 2 (s) be corresponding parameterized curvature functions and 1 , 2 their respective minimal periods.
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Then σ γ1 | (0, 1 ) and σ γ2 | (0, 2) satisfy the assumptions of Proposition 12 and so the open curve segmentsΓ 1 = γ 1 (0, 1 ) ⊂ Γ 1 andΓ 2 = γ 1 (0, 2 ) ⊂ Γ 2 are congruent. From Proposition 3, it follows that there exists c, such that κ 2 | (0, 2) (s) = κ 1 | (0, 1) (s + c). But since both intervals are minimal periods of the corresponding function and both start with zero, we have c = 0 and Since most of the curves appearing in [13] and [8] and in the current paper have non-simple signatures, we show on Figure 1 and example of a curve with a very simple signature. We conclude this section with a general congruence criteria. As our subsequent Examples indicate, to establish congruence of curves that have equal non-simple signatures, one needs to pay close attention at how the parameterized signature map trace the signature.
Theorem 14 (Congruence of non-degenerate curves). Let γ 1 : R → R 2 and γ 2 : R → R 2 be parameterizations of non-degenerate curves Γ 1 and Γ 2 , respectively, and σ γ1 , and σ γ2 the corresponding parameterized signature maps. Then Γ 1 and Γ 2 are congruent if and only if there exists a homeomorphism ρ : R → R, such that σ γ2 = σ γ1 • ρ.
Proof. We note that the second statement of the theorem is true for arc-length parameterizations of Γ 1 and Γ 2 if and only if it is true for an arbitrary proper parameterizations of Γ 1 and Γ 2 . Thus we may assume that γ 1 and γ 2 are arc-length parameterizations.
First assume Γ 1 ∼ = Γ 2 . Then there exists g ∈ SE (2), such that γ 2 and g • γ 1 are two arclength parameterizations of Γ 2 with the same parameterization. The there exists c ∈ R such that γ 2 (s) = g • γ 1 (s + c). Since curvature is invariant under group actions of SE(2) it follows that κ 2 (s) = κ 1 (s + c). So for the homeomorphism ρ(s) = s + c we have σ γ2 = σ γ1 • ρ, as desired.
Next, assume that there exists a homeomorphism ρ : R → R such that σ γ2 = σ γ1 • ρ. Then (10) is valid for all s ∈ R. Following the same argument as in the proof of Proposition 12 we can show that there exists c ∈ R, such thatκ 2 (s) = κ 1 (s + c). Now the congruence of Γ 1 and Γ 2 follows from Proposition 3.
4 Non-congruent, non-degenerate, simple, C ∞ -curves of the same length with identical signature
In this section, we start by constructing two non-congruent, non-degenerate, closed, simple, C ∞ curves Γ 1 and Γ 2 of equal lengths, identical signatures, the same signature index (equal to 6) and the same symmetry groups (Z 6 ). These curves provide a counterexample to Theorem 2 in [8] and help to identify a gap in the argument presented in [8] (See Remark 15). We conclude this section by constructing two more smooth closed simple curves Γ 3 and Γ 4 with the same signature index and length as Γ 1 and Γ 2 , but different symmetry groups: Γ 3 has symmetry group Z 3 and Γ 4 has the symmetry group Z 2 .
We start by building two C ∞ -smooth curvature functions κ 1 (s) and κ 2 (s), both with a minimal period of 8, such that for every integer n, κ 2 (s) restricted to the interval [2n, 2(n + 1)] is a horizontal shift of κ 1 (s) restricted to the interval [2m, 2(m + 1)] for some integer m and vice versa. However, globally κ 1 (s) and κ 2 (s) will not be related by a horizontal shift. Functions κ 1 (s) and κ 2 (s), restricted to a minimal period are given in Figure 2 and their explicit formulas are obtained by the following steps.
Let r 1 < r 2 be two real numbers and consider a cutoff function: For both h r1,r2 and g r1,r2 , the limit of their derivatives of any order as they approach r 1 from the left and r 2 from the right is 0 (see [12] , Page 42).
Define a function f r1,r2 : R → R, by stitching h r1, r 1 +r 2 2 and g r 1 +r 2 2 ,r2 together as follows:
2 ) ∪ ( r1+r2 2 , r 2 ), and f ( r1+r2 2 ) ≡ 1. Then restricted to the interval [0, 8] functions κ 1 , κ 2 , shown in Figure 2 , are defined explicitly by:
and then periodically extended to two C ∞ functions on R with a period 8. (12) and (13) made from scaled cutoff functions.
The corresponding parameterizations γ 1 and γ 2 defined by (6) are C ∞ -smooth, because they are obtained by the integration and composition of smooth functions. The plots of the corresponding curves Γ 1 and Γ 2 in Figure 3 are obtained via a numerical approximation of the integrals appearing in (6) . These curves are non-degenerate since their curvature functions κ 1 and κ 2 only contain isolated critical points which happen exactly at the integer values of arc-length.
To prove that γ 1 and γ 2 are closed curves we employ Lemma 6. To evaluate the integrals in (7) we observe that (12) and (13) respectively. Thus, according to Lemma 6 these are the curvatures of two closed curves of length 48 and the symmetry index is 6. 9 (a) Γ 1 is the image of γ 1 (s).
(b) Γ 2 is the image of γ 2 (s). Figure 3 : The C ∞ curves with curvatures κ 1 and κ 2 given by (12) and (13), respectively.
The signatures of Γ 1 and Γ 2 are identical, because for every s 1 ∈ R, there exists s 2 ∈ R such that κ 1 (s 1 ) = κ 2 (s 2 ) and dκ 1 ds (s 1 ) = dκ 2 ds (s 2 ).
and vice versa. This common signature is presented in Figure 4 . Figure 4 : The common signature of non-congruent C ∞ curves Γ 1 and Γ 2 .
Remark 15. The above example can be used to illustrate the gap in the proof of Theorem 2 in [8] , where it is claimed that two non-degenerate C 3 curves with the same signature must be congruent. The proof relies on Theorem 3 in [8] which, re-written in our notation, claims the following: Let γ 1 : I 1 → R 2 and γ 2 : I 2 → R 2 be unit speed parameterizations of curves Γ 1 and Γ 2 and κ 1 and κ 2 are the corresponding curvature functions. Let Λ 1 denote the subset set of s ∈ I 1 , such that γ 1 (s) is a vertex of Γ 1 . Assume Γ 1 and Γ 2 have identical signatures. Then there exists a continuous surjective map ρ : I 2 → I 1 such that ρ is differentiable for all s ∈ I 2 , such that ρ(s) / ∈ Λ 1 and ρ (s) = 1, for all s / ∈ ρ −1 (Λ 1 ) (14)
We show that this statement does not hold for curves γ 1 : [0, 8] → R 2 and γ 2 : [0, 8] → R 2 constructed in this section (see Figure 3 ), with curvatures κ 1 and κ 2 given by (12) and (13) (see Figure 2 ). Indeed, assume ρ : [0, 8] → [0, 8] is a continuous map satisfying (14) and (15). Differentiation of (15), combined with condition (14) implies that
for all s / ∈ ρ −1 (Λ 1 ). Since the set Λ 1 is discrete, by continuity (16) must hold for all s ∈ [0, 8]. We note that κ 2 (1) = 1, κ 2 (1) = 0 and the only value of s ∈ [0, 8], where κ 1 (s) = 1 and κ 1 (s) = 0 is s = 1. Therefore from (15) ∈ (1, 3) . Contradiction implies that ρ can not be continuous.
Next we will use our curvature functions κ 1 (s) and κ 2 (s) to define two new curvature functions κ 3 (s) and κ 4 (s) restricted to the interval [0, 16] and [0, 24] respectively by:
and then periodically extend to two C ∞ functions on R with period 16, and 24. We see that 
Directed graph associated with a signature
In Section 4 we constructed our examples by a piecewise reshuffling of the curvature function under a non-continuous bijection ρ of its minimal period interval [0, l]. In this section, we provide a general mechanism for constructing examples of non-degenerate non-congruent curves with identical signatures. For this purpose we introduce a notion of the directed graph associated with a signature curve.
We will look specifically at non-degenerate closed curves whose signatures fail to be locally Euclidean at least at one point, but no more than at a finite number of points and we will call such points -points of self-intersection. To a closed curve with self intersections we associate its graph as follows:
Definition 16. Let S be an oriented closed curve with at least one but a finite number of selfintersection points q 1 , . . . , q n , n ≥ 1. By removing these points from S we obtain a collection of disjoint curve segments {S i }, i = 1, . . . , N homeomorphic to R. The graph ∆ S of S is defined as follows. The points, q 1 , . . . , q n are the vertices 2 of ∆. Each curve segment {S i }, i = 1, . . . , N gives rise to a directed edge connecting the appropriate vertices (corresponding to the end points of the segment {S i } in S) in the direction dictated by the orientation of S.
Let Γ be a simple closed curve. We will define the signature graph of Γ to be the graph of its signature curve S Γ with additional multiplicity information as defined below. Let q 1 , . . . , q n , n ≥ 1 be the points of self-intersection of S Γ . As discussed in Definition 16, by removing these points from S Γ we obtain a collection of disjoint open curves, {S i }, i = 1, . . . , N . Let γ : R → Γ be a parameterization of Γ with a minimal period L and σ γ be the parameterized signature map defined in Definition 8. By shifting the parameter, we can always assume that σ γ (0) is one of the self intersection points, say q 1 . Then, since σ γ is continuous,
Moreover since a phase portrait has a well defined orientation and the values where κ (s) = 0 are discrete, the restriction of σ γ to each of these intervals is an injective map. Equivalently, for the signature map σ Γ , we have that
and so recalling Definition 9 we conclude that sig-index(Γ) = min µ i .
Definition 17. The signature-graph ∆ SΓ of a curve Γ is the graph of its signature curve S Γ (as given by Definition 16) with the multiplicity of each edge S i prescribed by (19) .
Note that the signature graph of a closed simple curve is also closed, but in general, not simple: it may contain multiple edges connecting a pair of vertices and (possibly multiple) loops on a single vertex.
In addition to multiplicities, we occasionally will find useful to assign weight to each edge of the signature graph ∆ SΓ as follows. We note that for every i = 1, . . . , N and each j = 1, . . . , µ i , the restrictions of γ to intervals I 1 i and I j i satisfy the hypothesis of Proposition 12, and so the corresponding curve segments Γ The directed graph for the signature curve in Section 4 is shown below. It turns out useful to label each edge by a letter and to use exponents to indicate the multiplicities of the edges. More graphs are shown in the subsequent sections, including graphs with more than one vertex and with edges with varying multiplicities (Figures 12 and 20) . Figure 6 : The directed graph for the signature in Figure 4 . The superscript on each of the labeled edges represents its multiplicity.
Definition 18. Given a directed graph, we define a path to be a sequence of edges S i1 . . . S ij , such that for k = 1, . . . , j − 1, the ending vertex of the edge S i k is the beginning vertex of the following edge S i k+1 . If the ending vertex of the last edge in a path coincides with the beginning vertex as of the first edge in a path, the path is called closed. For labeled graphs, as in Figure 6 , each path generates an associated word -the corresponding sequence of letters. Additionally we will call closed paths (words) equivalent if they agree up to a cyclic permutation.
We will identify a path with the corresponding word: we will say "a path W ", meaning a path generating a word W .
Definition 19. We will call a word W periodic if it can be written W = (w) m such that m > 1. If the word W is periodic and W = (w) m such that w is not periodic, then the w is called a minimal repeated subword, while the length of w is called the minimal period of W .
Definition 20. Given a directed graph ∆ with multiplicities µ i , an admissible path on ∆ is a closed path in which each edge appears a number of times equal to its associated edge's multiplicity. The word generated by an admissible path is called an admissible word.
For example, on Figure 6 , cabdcabdcabdcabdcabdcabd = (cabd) 6 is a periodic admissible word with the minimal period 4, while abbacdcabbacdcabbacdc = (abbacdc) 3 is a periodic nonadmissible word because it contains the letter d three times instead of six.
A closed non-degenerate curve Γ clearly induces an admissible closed path (word) on the signature graph ∆ SΓ . Indeed, let γ(s) be a unit speed parameterization of Γ with a minimal period L. By possibly a shift of the parameter, we may assume that γ(0) is one of the points of self intersection. Let Q be the self intersection points of the signature of Γ. Then σ −1
is a finite set of points which can be ordered as follows 0 = c 0 < c 1 < · · · < c k = L. This gives rise to a sequence of edges S i = σ γ ([c i−1 , c i ]), i = 1, . . . , k, and, by the definition of multiplicities, each edge repeats the number of times corresponding to its multiplicity.
We can now prove that if two curves have the same signatures and are generating the same path on the signature graph then they are congruent.
Proposition 21 (Congruence in terms of signature graphs). Assume Γ 1 and Γ 2 are simple closed non-degenerate curves with the same signature S. Assume S has at least one, but a finite number of self intersections. If Γ 1 and Γ 2 induce the same path on ∆ S , then Γ 1 and Γ 2 are congruent.
Proof. Let S i1 , . . . , S i k be a closed path on ∆ S generated by Γ 1 and Γ 2 . Here S ij denotes booth the edge of the graph and the corresponding open segment of the curve S. There exist unit speed parameterizations γ 1 and γ 2 of Γ 1 and Γ 2 , respectively, such that σ γ1 (0) = σ γ2 (0) correspond to the starting vertex of S i1 . Let L 1 and L 2 be the minimal period of γ 1 and γ 2 , respectively and Q be the set of self intersection point of S. As in the discussion preceding this proposition, we let 0 = c 1;0 < c 1;1 < · · · < c 1;k = L 1 be the ordered finite set of points [0, L 1 ] ∩ σ −1 γ1 (Q) and let, similarly, 0 = c 2;0 < c 2;1 < · · · < c 2;k = L 2 be the ordered finite set of points [0, L 2 ] ∩ σ −1 γ1 (Q). Let I 1;r = (c 1;r−1 , c 1;r ) and I 2;r = (c 2;r−1 , c 2;r ) for r = 1, . . . , k. Then S ir = σ γ1 (I 1;r ) = σ γ2 (I 2;r ), and so, by Proposition 12, for each r = 1, . . . , k, the curve segments Γ 1;r = γ 1 (I 1;r ) and Γ 2;r = γ 1 (I 2;r ) are congruent. Proposition 3 implies that the corresponding curvature function are related by a shift: for each r = 1, . . . , k there exits a constant d r ∈ R, such that κ 2 | I2,r (s) = κ 1 | I1,r (s + d r ). Since σ γ1 (0) = σ γ2 (0), we have κ 2 (0) = κ 1 (0) and so d 1 = 0. It follows that c 2;1 = c 1;1 and can be denoted c 1 . By continuity of curvature function it follows that κ 2 (c 1 ) = κ 1 (c 1 ), then d 2 = 0 and continuing inductively we get that L 1 = L 2 and κ 1 | [0,L] = κ 2 | [0,L] . Since L is (possibly non-minimal) period of both κ's we conclude that κ 1 (s) = κ 2 (s) for all s ∈ R. Then by Proposition 3,
Our next goal is to show any path (admissible or not) on ∆ SΓ gives rise to a non-degenerate curveΓ whose curvatureκ is a C 1 -smooth function obtained by a piece-wise reshuffling of the curvature of Γ, as we define rigorously below. Assume S i1 , . . . , S i k is a path of ∆ SΓ , where the edges may repeat and W is the corresponding word. Let q ir−1 and q ir be the beginning and the ending graph-vertices of edge S ir respectively. An edge S ir corresponds to an open curve segment of the signature S Γ whose end points are the points of self intersection of the signature. Let γ again be a unit speed parameterization of Γ and κ be the corresponding curvature function. As we discussed before, for each r, σ −1 γ (S ir ) is a union of disjoint intervals, such that the restrictions of κ to any two of these intervals are related to each by a shift in the parameter. For each r = 1, . . . , k, we choose one of such intervals I r = (a r , b r ). By construction we have that σ γ (b r ) = σ γ (a r−1 ) = q r for r = 1, . . . , k and since σ γ (s) = (κ(s), κ (s)), we have
We then construct κ W by reshuffling the restrictions κ| Ir as follows. Let From (23) it follows that κ W is a C 1 -smooth function on [c 0 , c r ). Using κ W in (6) we obtain a unit speed curve segment Γ W . Finally if the path W is closed, then the function κ W can be periodically extended to a C 1 -smooth functionκ : R → R and we defineΓ to be the corresponding curve.
In this language, the two curves in Figure 3 are obtained from the words (cadb) 6 , and (cdab) 6 respectively while the two curves in Figure 5 are given by the words (cadbcdab) 3 and (cadbcdabcadb) 2 . Both of the curves in Figure 3a have the symmetry group Z 6 , the left curve in Figure 5 has symmetry group Z 2 , while the right has the symmetry group Z 3 . We observe that the exponent on a minimal repeated subword equals to the symmetry-index of the corresponding curve. We formalize this observation into in Proposition 22.
Proposition 22 (Symmetry-index). Let ∆ SΓ be the signature graph of a closed planar curve Γ with turning number ξ = 1. IfΓ is the curve induced, as described above, by an admissible periodic word W = (w) m such that w is not periodic, then sym-index(Γ) = m and if m > 1, then theΓ 1 is closed.
Proof. Let γ be an arc-length parameterization of Γ, such that σ γ (0) is the starting vertex in the path defined by W . Let κ : R → R be the corresponding curvature function. Assume that L is the minimal period of γ and let = L m . Let κ w and κ W be the curvatures induced by the words w and W as defined by (24). By construction κ W is defined on [0, L], while κ w is defined on [0, ], and for i = 0, . . . , m − 1:
and so The curvatureκ ofΓ is a periodic extension of κ W and from (25), it follows that is a period of κ. It has to be a minimal period because otherwise w is not a minimal repeated subword of W . Finally, since W is admissible, it follows that paths of Γ andΓ travel along each edge the same number of times prescribed by the multiplicities of the graph S Γ and so from (22) The last equality is true since the turning number of Γ is 1. Combining this with (26), we have that 0κ (s)ds = 2π m and the conclusion of the proposition follows from Lemma 6.
It is important to note that when W is non periodic (m = 1), the curveΓ induced by W may result in an open curve. For instance, the path resulting in the non-periodic word admissible word cadbcdabcdabcadbcadbcdab on the graph in Figure 6 results in the open curveΓ shown in Figure 4 , induced by the non-periodic admissible word cadbcdabcdabcadbcadbcdab on the graph in Figure 6 .
It is also important to note that although Γ is assumed to be simple, a curveΓ induced by an admissible word on ∆ SΓ may be non simple. For example, Figure 8 shows a non-simple closed curve corresponding to the word (cabdcdabcabd) 2 . Figure 8 : A non-simple curve with the signature curve in Figure 4 induced by the word (cabdcdabcabd) 2 .
In Figure 9 we show a collection of non-congruent non-degenerate curves with the same signature curve in Figure 4 , induced by various admissible paths on the signature graph in Figure 6 . Figure 4 induced by admissible paths on the signature graph in Figure 6 .
Remark 23. It is important to note that if a closed path W (admissible or not) contains every edge of ∆ SΓ , then the induced curveΓ will have the same signature as Γ but may be nonclosed and may have a different signature index. If the path W is admissible, then by (20), the signature maps Γ andΓ are guaranteed to have the same signature-index. If an addition W is periodic, thenΓ is guaranteed to be closed.
We conclude this paper by showing how carefully chosen non-admissible paths along the graph in Figure 6 generate closed, non-degenerate, non-congruent curves with the signature pictured in Figure 4 . To this end we consider a non-admissible closed periodic word W = (w) m , m > 1, where each of distinct N letters (edges) of the graph appear (in our example N = 4). Assume that i-th letter appearμ i times in w. Assume that the corresponding edge has the wight ω i . If W is chosen so that Figure 4 induced by non-admissible paths on the signature graph in Figure 6 .
More examples
In this section we revisit some of the examples appearing in [13] . However, in contrast with [13] , by considering various admissible paths along the graphs introduced in the previous section, we construct families consisting of non-degenerate curves with identical signatures.
Curves with different order of smoothness
In this section, we construct five non-congruent curves with identical signatures, lengths, signature index, and symmetry groups. Only one of the curves is C ∞ smooth while the rest are observed to be C 3 smooth. Note that the signature appearing in Section 4 (see Figure 4 ) had a single point of self-intersection at the origin, and so the corresponding points on the related curves constructed in that section were vertices. In contrast, the signature appearing in this section (see Figure 12 ) has four self-intersection points all away from the horizontal axis, and so these points do not correspond to the vertices of the related curves.
Using Example 1 on page 73 found in Sect. 3.3 of [13] , we take the periodic function
with minimal period 2π to be the curvature function of γ 1 and examine the signature curve and signature graph in Figure 12 . Figure 13 : The directed graph for the signature in Figure 12 . The superscript on each of the labeled edges represents its multiplicity.
Using (24) we obtain non-congruent closed curves from ∆ SΓ 1 taking paths induced by admissible periodic words. For example, Γ 1 in Figure 11b is induced by the word (bhf dgace) 5 . Since the multiplicity on each edge is 5, the only option for admissible periodic words are ones of with minimal period of length 8. Through an analysis of the graph, there are 4 other such words that are distinct up to a cyclic permutation inducing 4 non-congruent curves with symmetry index of 5. 
Non-Degenerate Cogwheels
In Section 5 of [13] , Musso and Nicolodi introduces n-cogwheels to construct simple closed curves with identical signatures and indices of symmetry, but with different symmetry groups. However, all cogwheels appearing in their paper have non-isolated vertices and so are degenerate. In this section, we construct a family of non-congruent non-degenerate n-cogwheels with equal length and the same signature. These non-degenerate cogwheels only have trivial symmetries. For some n ∈ Z + consider the closed intervals I j = 2(j − 1)π n , 2jπ n such that [0, 2π] = ∪ n j=1 I j . For each j ∈ 1, . . . , n prescribe a positive integer constant a j ∈ Z + , and consider a function r j : R → R + with support in I j . r j (t) = a −2 j (1 − cos(na j t)) t ∈ I j 0 t / ∈ I j Let r 0 be a positive constant and let ρ : R → R + be the unique periodic extension, with period 2π, of the function r 0 + n j=1 r j : [0, 2π] → R + .
Since r j is C ∞ on the interior of I j for every j then so is ρ. At the endpoints of the intervals I j one can directly check that approaching from either left or right we get the following equal limits: ρ( 2jπ n ) = r 0 , ρ ( 2jπ n ) = 0, ρ ( 2jπ n ) = n 2 , and ρ ( 2jπ n ) = 0 for all j ∈ {0, . . . , n}.
Note that these limits will not agree for fourth derivatives, so the resulting curves will be C 3 smooth. We define the C 3 non-degenerate simple closed curve Γ, by the parameterization: γ(t) = ρ(t)(cos t, sin t) (a) A non-degenerate cogwheel Γ 1 with n = 4.
(b) The curvature κ 1 of Γ 1 . Figure 18 : A Cogwheel and its curvature.
Figure 19: A zoomed in section of Figure 18b
According to the Definition 3 in [13] , the curve Γ 1 is a example of an n-cogwheel with radial function ρ, and inner radius r 0 . The j-th section (j-th cog) has a j teeth. The radial changes in the j-th "cog" is given by the function r j . For an example see Figure 18a , a non-degenerate cogwheel with r 0 = 1, n = 4, a 1 = 3, a 2 = 4, a 3 = 5, a 4 = 6.
For t ∈ I j for any j the curvature parameterized by t is given by: κ(t) = ||γ || 2 a 2 j − (a 2 j n 2 r 0 + n 2 ) cos(na j t) + n 2 ||γ || 3 a 2 j where ||γ || = (1 − a 2 j n 2 ) cos 2 (na j t) − (2r 0 a 2 j + 2) cos(na j t) + r 2 0 a 4 j + (n 2 + 2r 0 )a 2 j + 1 a Figure 20 . The superscript on each of the labeled edges represents its multiplicity.
By Lemma 6 in [13] , a permutation of cogs yields non-degenerate cogwheels with the same signature which we corresponds to different admissible words from paths on ∆ SΓ 1 such that the same letters are grouped together. The word that induces Γ 1 is a 3 b 4 c 5 d 6 and the words inducing the cogs in Figures 22 and 23 correspond to this permutation of cogs.
(a) The non-degenerate cogwheel Γ 2 induced by the word a 3 c 5 b 4 d 6 .
(b) The curvature κ 2 of Γ 2 . However there are many other admissible paths allowed on ∆ Γ1 that correspond to permuting individual teeth as we can see in Figure 24 . These result in non-congruent curves with the same signature.
(a) Curve induced by the admissible word ab 4 ac 5 ad 6 .
(b) Curve induced by the admissible word bcdbdbacacdadcdbcd. Figure 24 : Curves obtained by a permutation of individual teeth of a non-degenerate cogwheel.
In addition, we can have non-admissible words that result in closed curves when the number of teeth in our cogs have common divisors. Since a cogwheel with nq teeth fits in the same space as a cog with mq teeth, we can substitute m teeth from the later cog with n teeth from the former cog, and vice versa. Thus, if the multiplicities µ i , µ j on the ith and jth edge of a signature graph share a common divisor q then we can obtain a closed curve by a non-admissible word that travels the ith edge µ i /q less times and the jth edge µ j /q more times and vice versa. 
